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Abstract
We determine all Hopf–Galois structures on a Galois extension of &elds of degree pq, where
p, q are primes with p ≡ 1 (mod q). There are 2q− 1, respectively 2+p(2q− 3), Hopf–Galois
structures when the extension is cyclic, respectively nonabelian. Explicit generators are given for
the groups of permutations corresponding to these Hopf–Galois structures.
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1. Introduction
If L=K is a &nite Galois extension of &elds with group G then by the Normal Basis
Theorem, L is a free rank 1 module over the group algebra K[G]. The fact that G acts
on L as &eld automorphisms can be expressed in terms of the Hopf algebra structure
of H =K[G] by saying that L is an H -Galois extension of K . More generally, a Hopf–
Galois structure on an arbitrary &eld extension L=K consists of a K-Hopf algebra H
and an action of H on L making L into an H -Galois extension. For a &nite separable
&eld extension L=K , Greither and Pareigis [7] have shown how to recast the problem
of &nding all Hopf–Galois structures on L=K as a question in group theory which can
be completely answered in some cases. If L=K is in fact a Galois extension with group
G, then L=K certainly admits the classical Hopf–Galois structure with H = K[G], but
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there may in addition be a number of other (nonclassical) Hopf–Galois structures. In
particular, there is always at least one nonclassical Hopf–Galois structure if G is not
abelian, but there is only the classical Hopf–Galois structure if the degree n of L=K
satis&es gcd(n; ’(n)) = 1 where ’ is the Euler totient function [1]. (This condition
forces G to be cyclic.) As a consequence of the work of Kohl [8] it is known that,
for an odd prime p, there are pm−1 Hopf–Galois structures on a cyclic extension
of degree pm. Carnahan and Childs [3] have shown that when G is the symmetric
group Sn (with n¿ 5), there are at least (n!)1=2 Hopf–Galois structures. Childs [6] has
recently obtained results for the case where G is the holomorph of a cyclic group of
odd prime-power order pe, showing in particular that there are precisely 2+5p+4pq
Hopf–Galois structures if e= 1 and q= (p− 1)=2 is also an odd prime. On the other
hand, if G is a nonabelian simple group, then there are only two Hopf–Galois structures
[2]. A detailed exposition of this theory up to 2000 can be found in [5].
As explained below, the Hopf–Galois structures on L=K correspond to certain sub-
groups N of the group Perm(G) of permutations of G. These subgroups will have the
same order as G, but need not be isomorphic to G. Using an observation of Childs
[4], one can &nd them by considering in turn each isomorphism type of group N
of order |G|. (This can be avoided in the special cases considered in [8,2]). It there-
fore makes sense to investigate simultaneously the Hopf–Galois structures on all Galois
extensions L=K of a given degree n, at least in cases where the number of isomorphism
types of group of order n is small. This approach was adopted in [1] to show that for
any prime p there are p (respectively, p2) Hopf–Galois structures on a cyclic (re-
spectively, elementary abelian) extension of degree p2. In this paper, we carry out the
same procedure for groups of order pq, where p and q are primes with p ≡ 1 (mod q).
There are then two isomorphism classes of groups to consider. We shall determine the
number of Hopf–Galois structures, and give explicit generators for the corresponding
subgroups N of Perm(G). The case p ≡ 1 (mod q) is excluded since in this case any
Galois extension of degree pq is cyclic and, by Byott [1], admits only the classical
Hopf–Galois structure.
We intend to give a similar treatment for Galois extensions of degree p2q and of
degree p3 in future papers.
2. Preliminaries
We consider only the situation where L=K is a &nite Galois extension with group G.
The more general case where L=K is separable but not necessarily normal is considered
in [7]. In our setting, the main result of Greither and Pareigis [7] states that the Hopf–
Galois structures on L=K correspond bijectively to regular subgroups N of Perm(G)
normalised by G. Here G is viewed as embedded in Perm(G) as left translations.
A subgroup N of Perm(G) is said to be regular if its action on G is transitive and
the stabiliser of any point is trivial. In the Hopf–Galois structure corresponding to N ,
the Hopf algebra acting on L is H = L[N ]G, the &xed points of the group algebra
L[N ] under the action of G simultaneously on L as &eld automorphisms and on N by
conjugation inside Perm(G). For a given Hopf–Galois structure on L=K , we will refer
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to the isomorphism class of the corresponding group N as the type of the Hopf–Galois
structure.
Childs [4] showed that one may reverse the relationship between G and N : if N
is as above then G embeds as a regular subgroup of the holomorph Hol(N ) of N ,
where we view Hol(N ) as a subgroup of Perm(N ). However, the embedding of G into
Hol(N ) (respectively, of N into Perm(G)) may be composed with an automorphism
of G (respectively, N ) without changing its image. Thus (see [1]) the number e(G;N )
of Hopf–Galois structures on L=K of type N can be calculated from the formula
e(G;N ) =
|Aut(G)|
|Aut(N )|e
′(G;N ); (2.1)
where e′(G;N ) is the number of regular subgroups of Hol(N ) isomorphic to G. This
provides our basic strategy for counting Hopf–Galois structures on Galois &eld exten-
sions of degree n. We consider in turn each group N of order n. We determine the
regular subgroups G in Hol(N ) (together with their isomorphism types) and hence cal-
culate e′(G;N ) for each isomorphism type G. When this has been done for all N , we
consider each isomorphism type G in turn: the number of Hopf–Galois structures on a
&eld extension with group G is
∑
N e(G;N ), where the sum is over all isomorphism
types of group N of order n, and the summands e(G;N ) are given by (2.1).
Recall that Hol(N ) is the semidirect product of N by Aut(N ):
Hol(N ) = N o Aut(N ) = { : ∈N; ∈Aut(N )}:
For typographical convenience, we use the exponential notation =(), even though
we view Aut(N ) and Hol(N ) as acting from the left. The relation =  in Hol(N )
implies that
()k = 1++
2+···+k−1k
for all k¿ 0.
If G is a regular subgroup of Hol(N ) then, projecting to Aut(N ) and N , we obtain
respectively a homomorphism  :G → Aut(N ) and a bijection  :G → N satisfying
the cocycle relation (gg′) = (g)(g′)(g). We have (g) = g · 1N . The action of
N on G corresponds under  to the left regular action of N on itself. Thus we can
recover the action of N on G by de&ning
n · g= −1(n(g))∈G for all n∈N; g∈G: (2.2)
The groups Gl, Gr of left (respectively, right) translations by N are among the regular
subgroups of Hol(N ). These are then among the possibilities for G which are isomor-
phic to N . We have Gl=Gr precisely when N is abelian. Under (2.2), Gl (respectively,
Gr) corresponds to the action of N on G by left (respectively, right) translations, and
in this case  is an isomorphism (respectively, anti-isomorphism) of groups. It is the
action of N on G by right translations which gives the classical Hopf–Galois structure.
It is convenient to enumerate the regular subgroups G of Hol(N ) according to the
size of their image I(G) in Aut(N ). For each divisor m of |G| we therefore de&ne
e′(G;N;m) to be the number of regular subgroups of Hol(N ) isomorphic to G whose
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image in Aut(N ) has order m, and set
e(G;N;m) =
|Aut(G)|
|Aut(N )|e
′(G;N;m): (2.3)
When m= 1 the only candidate for such a subgroup is (left translations by) N itself,
so
e(N; N; 1) = 1; e(G;N; 1) = 0 if G and N are not isomorphic: (2.4)
The number of Hopf–Galois structures of type N on a Galois extension with group G
is then given by
∑
m e(G;N;m), where the sum is over all divisors m of |G|.
3. The groups of order pq
For the rest of the paper, we &x two primes p, q with p ≡ 1 (mod q). Once and for
all we &x an integer g¿ 1 whose order modulo p is q. For later use, we set
s(r) =
r−1∑
i=0
gi = (gr − 1)=(g− 1) (3.1)
and, more generally,
s(r; d) =
r−1∑
i=0
gdi = (gdr − 1)=(gd − 1) for r; d¿ 0: (3.2)
Also, let a0 satisfy
(g− 1)a0 ≡ 1 (modp): (3.3)
For arbitrary m, we write Cm for the cyclic group of order m.
Up to isomorphism, there are two groups N of order pq to consider:
3.1. The cyclic group C
It is convenient to work with the presentation
C = Cpq = 〈;  | p = q = 1;  = 〉: (3.4)
As Aut(C)=Cp−1×Cq−1, any homomorphic image in Aut(C) of a group of order pq
must lie in the subgroup of Cp−1 of order q. Thus any regular subgroup of Hol(C)
lies in N o A(C) where A(C) = 〈〉 ∼= Cq, with the action of  on C given by
 = g;  = : (3.5)
3.2. The metacyclic group M
This has presentation
M = 〈;  | p = q = 1;  = g〉: (3.6)
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In the notation of (3.1) we have
(c)r = cs(r)r
for any integer c. Any automorphism # of M must induce an automorphism of the
characteristic subgroup Cp, so #=a and #=bc with 16 a6p−1, 06 b6p−1
and 16 c6 q−1. For # to be compatible with the relation =g we require c=1.
Thus Aut(M) is a metabelian group of order p(p− 1), and any homomorphic image
of a group of order pq in Aut(M) must lie in the group A(M) = 〈; %〉, where
 = ;  = ; % = g; % = : (3.7)
We then have p = 1 = %q and %= g%, so A(M) ∼= M .
4. Regular subgroups in Hol(C )
Since A(C) = Cq, we need to determine e(G;C;m) for m= 1 and q, and for G = C
and M .
4.1. m= 1
From (2.4) we have
e(C; C; 1) = 1; e(M;C; 1) = 0: (4.1)
4.2. m= q
Lemma 4.1. We have
e(M;C; q) = p; e(C; C; q) = 0: (4.2)
The p subgroups of Perm(M) giving the Hopf–Galois structures counted by e(M;C; q)
are the groups Nc for 06 c6p− 1, where Nc is generated by the two permutations
uv → u+1v; uv → u−cgvv+1: (4.3)
Here uv denotes an arbitrary element of M .
Proof. If G is a regular subgroup of Hol(C) with image Cq in Aut(C) then G∩C=〈〉,
so
G = 〈; b〉 (4.4)
for some b, where  is given by (3.5) and ,  are as in (3.4). We calculate (b)q =
bqq = 1 and (b) = bg = g(b). Thus for any choice of b, the above group
G is indeed of order pq and G ∼= M . Now (b)k · 1N = bkk(1N ) = bk for any k,
so G is regular if and only if b ≡ 0 (mod q). We obtain q − 1 diKerent groups G by
taking 16 b6 q − 1. Hence e′(M;C; q) = q − 1 and e′(C; C; q) = 0. Using (2.3), we
then obtain (4.2).
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To determine explicitly the subgroups N ∼= C of Perm(M) counted by e(M;C; q),
we apply (2.2). We &rst write G = , G = b for the generators of G ⊂ Hol(C) in
(4.4). These satisfy the same commutation relation as in (3.6), allowing us to identify
G with M . For arbitrary g= uG
v
G ∈G we have (g) = ubv. Thus
 · g= −1(u+1bv) = u+1G vG
and
b · g= −1(bubv) = uGv+1G :
We therefore obtain the subgroup of Perm(G) generated by left translation by G and
right translation by G. As this is independent of b, we have so far found only one of the
p subgroups N we are seeking. Equivalently (up to composing with an automorphism
of C), we have found one of the possible embeddings of C into Perm(M). To obtain
the others, we conjugate N by automorphisms of G, which corresponds to composing
the embedding with automorphisms of M . Let ( = c for 06 c6p − 1, where now
∈Aut(G) is given in (3.7). Then (uGvG)( = uG(cGG)v = u+cs(v)G vG, so
 · (uGvG)( = (u+1G vG)(
and
b · (uGvG)( = u+cs(v)G v+1G = (u−cg
v
G 
v+1
G )
(:
Dropping the subscripts G, we obtain the subgroups Nc of Perm(M) de&ned in the
statement of the lemma.
5. Regular subgroups in Hol(M )
Since A(M) ∼= M , we need to determine e(G;M;m) for m=1, p, q and pq, and for
G = C and M .
5.1. m= 1
From (2.4) we have
e(M;M; 1) = 1; e(C;M; 1) = 0: (5.1)
5.2. m= p
Lemma 5.1. We have
e(C;M; p) = q− 1; e(M;M;p) = 0: (5.2)
The q − 1 subgroups of Perm(C) giving rise to the Hopf–Galois structures counted
by e(C;M; p) are the groups Nd for 16d6 q − 1, where Nd ∼= M is generated by
the two permutations
uv → u+g−dvv; uv → uv+1: (5.3)
Here uv denotes an arbitrary element of C, and g−dv is to be interpreted mod p.
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Proof. Let G be a regular subgroup of Hol(M) with image of order p in Aut(M).
Then this image is generated by the automorphism  of M de&ned in (3.7), and G∩M
is a subgroup of M of order q. Thus G ∩M = 〈c〉 with 06 c6p− 1. Here  and
 are as in (3.6). Multiplying a preimage of  in G by a suitable power of c, we
see that
G = 〈a; c〉 (5.4)
for some a, c. For such a group to have order pq, we require the subgroup 〈a〉 to
be normalised by c, so that, for some f with 16f6p− 1, we have
(c)(a) = (a)f(c);
that is,
c+ag= af+c+fff:
This forces f=1, so that G is cyclic, and also a=a0, where a0 is de&ned in (3.3). We
therefore have p possible groups G in (5.4), all of which are cyclic and are regular
on M . Thus e′(C;M; p) = p and e′(M;M;p) = 0. Using (2.3), we then have (5.2).
To identify the q− 1 subgroups N of Perm(C) counted by e(C;M; p), we may take
c = 0 in (5.4) since the other values of c will be obtained by conjugating the action
by an automorphism of M . Let G=a0, G=  be the generators of G ∼= C in (5.4).
For an arbitrary element g= uG
v
G = 
v
G
u
G of G we have
(g) = (va0uu) = va0u;
so by (2.2),
 · g= −1(v+1a0u) = v+1G uG
and
a0 · g= −1(a0va0u) = −1(va0(g−v+u)) = vGg
−v+u
G :
These give the permutations generating one of the required subgroups N of Perm(C).
To &nd all of these subgroups, we conjugate by the automorphisms ( of C with
(G = G; 
(
G = 
d
G; (5.5)
where 16d6 q− 1. Now
a0 · (vGuG)( = dvG g
−dv+u
G = (
v
G
u+g−dv
G )
(
and
d · (vGuG)( = dv+dG uG = (v+1G uG)(:
Thus, dropping the subscripts G so that ,  are now generators of G ∼= C as in (3.4),
we obtain the groups Nd described in the statement of the lemma.
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5.3. m= q
Lemma 5.2. We have
e(M;M; q) = p(q− 2); e(C;M; q) = q− 1: (5.6)
The p(q−2) subgroups of Perm(M) giving rise to the Hopf–Galois structures counted
by e(M;M; q) are the groups Na;b for 16 a6 q − 2 and 06 b6p − 1, where Na;b
is generated by the two permutations
uv → u+1v; uv → gau+b(gas(v)−s(v−1))v−1: (5.7)
Here uv denotes an arbitrary element of M , and s(v) is de9ned in (3.1), with s(−1)
to be interpreted as s(q− 1).
The q− 1 subgroups of Perm(C) giving rise to the Hopf–Galois structures counted
by e(C;M; q) are the groups N ′d for 16d6 q− 1, where N ′d is generated by the two
permutations
uv → u+1v; uv → ugdv−1; (5.8)
where now uv denotes an arbitrary element of C.
Proof. If G is a regular subgroup of Hol(M) with image of order q in Aut(M) then
this image is generated by some * = b% with 06 b6p − 1, where  and % are as
in (3.7). Also, G ∩M is the unique subgroup of M of order p. Thus
G = 〈; a*〉 (5.9)
with 16 a6 q − 1, where ,  are the generators of M as in (3.6). We determine
when the group G de&ned by (5.9) has the required properties. Firstly we calculate
(a*) = a**= ag*= g
a+1
(a*); (5.10)
so the two generators commute if and only if a=q−1. It is easily seen that (a*)k has
the form mkabs(k)%k for some integer m (depending on a, b and k), so that (a*)q
is a power of . Thus G has order pq, and in fact (a*)q = 1 except possibly when
a = q − 1. The resulting groups are all distinct, and are regular on M . We therefore
have e′(M;M; q) = p(q− 2) and e′(C;M; q) = p, giving (5.6).
We next determine the q−1 subgroups of Perm(C) counted by e(C;M; q). We have
a = q − 1, and we may assume b = 0. Let G = , G = −1% be the generators of
G ∼= C in (5.9). Then vG = −v%v, so for any g = uGvG ∈G we have (g) = u−v.
Thus
 · g= −1(u+1−v) = u+1G vG
and
 · g= −1(u−v) = −1(gu1−v) = guG v−1G :
We conjugate this action by the q − 1 automorphisms ( of C de&ned in (5.5): this
yields
 · (uGvG)( = (u+1G vG)(
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and
d · (uGvG)( = −1(du−vd) = ug
d
G 
dv−d
G = (
ugd
G 
v−1
G )
(;
giving the q− 1 groups N ′d de&ned by (5.8).
To describe the p(q−2) subgroups M of Perm(M) counted by e(M;M; q), we must
still examine the action of M on G given by (2.2), even though in this case G and
M are isomorphic. Note however that we cannot identify the generator a* of G in
(5.9) with the generator  of M , since the commutation relations (3.6) and (5.10) are
not compatible. To simplify our calculations, we shall &rst identify the q − 2 actions
of M on itself corresponding to the case b = 0. We shall then conjugate by suitable
automorphisms of M in order to obtain the actions corresponding to the other values
of b.
Taking b = 0, we have (a*)k = (a%)k = ak%k for all k. Let h satisfy (a + 1)h ≡
1 (mod q), so that as a runs through 16 a6 q − 2, we may take h to run through
26 h6 q− 1. Then G is generated by G = and G =(a*)h= 1−h%h, and we have
the same commutation relation GG = 
g
GG as in (3.6). We calculate
(uG
v
G) = 
uv(1−h):
To simplify notation, rede&ne a by a= h− 1. Then
(uG
v
G) = 
u−va;
so that
 · uGvG = u+1G vG
and
a · uGvG = g
au
G 
v−1
G :
Letting 16 a6 q − 2, this gives the q − 2 subgroups N ∼= M of Perm(G) for b= 0.
We now conjugate by the automorphisms (= b of G ∼= M , where 06 b6p− 1 and
 is as de&ned in (3.7). We calculate
 · (uGvG)( = 1+uG (bGG)v = (u+1G vG)(
and
a · (uGvG)( = −1(au+bs(v)−va) = (u
′
G 
v−1
G )
(;
where u′ + bs(v− 1) = ga(u+ bs(v)). This gives the groups Na;b of (5.7).
5.4. m= pq
We begin by determining the eKect of a0∈Hol(M), where a0 is de&ned in (3.3)
and ∈Aut(M) is de&ned in (3.7).
Proposition 5.3. a0 acts on M as right multiplication by a0 .
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Proof. For an arbitrary element g= uv of M we have
(a0) · g= a0+u()v = a0+u+s(v)v
and
ga0 = u+a0g
v
v;
so we must verify the congruence
a0 + u+ s(v) ≡ u+ a0gv (modp):
Multiplying by g−1 and using (3.3), this is equivalent to 1+(g−1)s(v) ≡ gv (modp),
which is immediate from (3.1).
We can now treat the &nal case.
Lemma 5.4. We have
e(M;M;pq) = p(q− 2) + 1; e(C;M; pq) = 0: (5.11)
The p(q−2)+1 subgroups of Perm(M) giving rise to the corresponding Hopf–Galois
structures are the group of right translations by M (which gives the classical Hopf–
Galois structure) and the groups Nc;d for 06 c6p − 1 and 16d6 q − 2, where
Nc;d is generated by the two permutations
uv → u+g−vdv; uv → u+cg−vd(s(v;d+1)−g−ds(v+1;d+1))v+1: (5.12)
Here uv denotes an arbitrary element of M , and s(r; d) is de9ned in (3.2).
Proof. Any regular subgroup G of Hol(M) which surjects onto A(M) ⊂ Aut(M) must
be isomorphic to M , so e(C;M; pq) = 0. Moreover, G must have the form
G = 〈; ,%〉 (5.13)
for some elements  = ab and , = cd of M . Here ,  are as in (3.6), , % as
in (5.7), and we can assume that 06 a; c6p − 1 and 06 b; d6 q − 1. Conversely,
given , ,∈M , the group G de&ned by (5.13) will have order pq if and only if 
and ,% satisfy the same relations as the generators , % of A(M), and G will be regular
on M if and only if furthermore G acts transitively on M .
We &rst determine when  has order p. We have
 = a()b = a+s(b)b
and inductively,

k
= a+ks(b)b:
Thus
()p = 1++···+
p−1
p = (ab)(a+s(b)b) : : : (a+(p−1)s(b)b) = mpb
for some m. If  has order p we must have b = 0, and conversely if b = 0 then
()p = ap = 1. Thus we are reduced to considering
G = 〈a; ,%〉;
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the &rst generator having order p. If this group has order pq, it will be regular on M
provided that d = 0.
Next consider the relation
(,%)(a) = (a)g(,%): (5.14)
As = and %=g, this simpli&es to ,ag%=ag,
g
g%. Thus (5.14) holds if and
only if ,ag = ag,
g
.
Now (d)
g
= (g)d = gs(d)d. Thus ,
g
= c+gs(d)d, and (5.14) is equivalent to
c+ag
d+1
d = ag+c+gs(d)d, and hence to agd+1 ≡ ag + gs(d) (modp). This may be
written a(gd − 1) ≡ s(d) (modp). Using (3.1) and (3.3), we conclude that (5.14)
holds if and only if a = a0. Thus by Proposition 5.3, G contains right multiplication
by .
Finally we require ,% to have order q. Now ,%
r
= cg
r
d, so
(,%)v = ,1+%+···+%
v−1
%v
= (cd)(cgd) : : : (cg
v−1
d)%v
= cs(v;d+1)vd%v: (5.15)
Take v= q. If d = q− 1 then by (3.2) we have s(q; d+ 1) ≡ 0 (modp), so (,%)q = 1
for any choice of c. If d = q − 1 then s(q; d + 1) = s(q; q) ≡ q ≡ 0 (modp) and we
must take c=0. We have now shown that G in (5.13) is isomorphic under  to A(M)
precisely for =a0 , ,=cd with either d = q−1 or c=0. Moreover, G will then be
regular on M except when d= 0. This gives e′(M;M;pq) = p(q− 2) + 1, completing
the proof of (5.11).
We now describe the corresponding subgroups N of Perm(M). In the exceptional
case c = 0, d= q− 1 we have
(,%) · (uv) = (−1%) · (uv) = −1guv = uv−1:
Thus G is the group of right translations by M , corresponding to the classical Hopf–
Galois structure on the &eld extension L=K . In the remaining cases 06 c6p − 1,
16d6 q−2, we write G=a0 and G=,% for the generators of G in (5.13). From
(5.15) and Proposition 5.3, we have
(uG
v
G) = G · u = cs(v;d+1)+ug
vd
vd:
Hence
 · uGvG = u+g
−vd
G 
v
G
and
d · uGvG = −1(g
d(cs(v;d+1)+ugvd)(v+1)d) = u
′
G 
v+1
G ;
where
cs(v+ 1; d+ 1) + u′g(v+1)d = gd(cs(v; d+ 1) + ugvd);
that is,
u′ = u+ cg−(v+1)d(gds(v; d+ 1)− s(v+ 1; d+ 1)):
We therefore obtain the p(q− 2) groups Nc;d described in (5.12).
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6. Counting the Hopf–Galois structures
Adding up the contributions from (4.1), (4.2), (5.1), (5.2), (5.6) and (5.11), we &nd
that e(C; C) = 1, e(C;M) = 2(q − 1) and e(M;M) = 2 + 2p(q − 2), e(M;C) = p. We
may therefore summarise the preceding calculations in the following two results.
Theorem 6.1. Let L=K be a cyclic extension of 9elds of degree pq, where p, q are
primes with p ≡ 1 (mod q). Then L=K admits precisely 2q−1 Hopf–Galois structures.
Only the classical Hopf–Galois structure is of cyclic type. The other 2(q− 1) Hopf–
Galois structures are of nonabelian type. The corresponding subgroups of Perm(C)
are the q− 1 groups generated by the permutations (5.3) for 16d6 q− 1, and the
q− 1 groups generated by the permutations (5.8) for 16d6 q− 1.
Theorem 6.2. Let L=K be a nonabelian Galois extension of 9elds of degree pq, where
p, q are primes with p ≡ 1 (mod q). Then L=K admits precisely 2+p(2q− 3) Hopf–
Galois structures, of which 2 + 2p(q − 2) are of nonabelian type and the remaining
p are of cyclic type. The subgroups of Perm(M) giving the Hopf–Galois structures
of nonabelian type are the group of left translations by M, the group of right trans-
lations by M (which gives the classical Hopf–Galois structure), the p(q− 2) groups
generated by the permutations (5.7) for 16 a6 q−2, 06 b6p−1, and the p(q−2)
groups generated by the permutations (5.12) for 06 c6p− 1, 16d6 q− 2. The
subgroups of Perm(M) giving the Hopf–Galois structures of cyclic type are the p
groups generated by the permutations in (4.3) for 06 c6p− 1.
Remark 6.3. One can easily extract from the proofs of Lemmas 4.1, 5.1, 5.2 and 5.4
the relations satis&ed by the two permutations generating each of the groups N . In
each case, denote the two given generators by S, T , respectively. In all cases we have
Sp = 1= Tq. In (4.3), we have N ∼= C so of course TS = ST . In the two cases where
G ∼= N ∼= M , namely (5.7) and (5.12), we have TS=SgaT and TS=SgdT , respectively.
In (5.3) and (5.8), where G ∼= C and N ∼= M , we again have TS = SgdT .
We end with some examples.
Corollary 6.4. For any odd prime p, a cyclic extension of degree 2p has 3 Hopf–
Galois structures, namely the classical one and 2 of dihedral type.
Corollary 6.5. For an odd prime p, a dihedral extension of degree 2p has 2 Hopf–
Galois structures of dihedral type and p Hopf–Galois structures of cyclic type. In
particular, an extension with Galois group S3 (the symmetric group on 3 letters) has
in total 5 Hopf–Galois structures, of which 2 have type S3 and 3 have cyclic type.
Corollary 6.6. Let L/K be a Galois extension of degree 21. If it is cyclic, it has 5
Hopf–Galois structures, of which all but the classical one are of nonabelian type. If
the extension is nonabelian, it has 23 Hopf–Galois structures, of which 7 have cyclic
type and 16 have nonabelian type.
N.P. Byott / Journal of Pure and Applied Algebra 188 (2004) 45–57 57
References
[1] N.P. Byott, Uniqueness of Hopf–Galois structure for separable &eld extensions, Comm. Algebra 24 (1996)
3217–3228, Corrigendum, 3705.
[2] N.P. Byott, Hopf–Galois structures on &eld extensions with simple Galois groups, Bull. London Math.
Soc., to appear.
[3] S. Carnahan, L. Childs, Counting Hopf–Galois structures on non-abelian Galois &eld extensions,
J. Algebra 218 (1999) 81–92.
[4] L.N. Childs, On the Hopf–Galois theory for separable &eld extensions, Comm. Algebra 17 (1989)
809–825.
[5] L.N. Childs, Taming Wild Extensions: Hopf Algebras and Local Galois Module Theory, Mathematical
Surveys and Monographs, Vol. 80, American Mathematical Society, Providence RI, 2000.
[6] L.N. Childs, On Hopf–Galois structures and complete groups, New York J. Math 9 (2003) 99–115.
[7] C. Greither, B. Pareigis, Hopf Galois theory for separable &eld extensions, J. Algebra 106 (1987)
239–258.
[8] T. Kohl, Classi&cation of the Hopf Galois structures on prime power radical extensions, J. Algebra 207
(1998) 525–546.
